ALGEBRAIC TOPOLOGY QUALIFYING EXAM

Write your answers on the test pages. Show all your work and ezxplain all your
reasoning. You may use any standard result, as long as you state clearly what result
you are using (including its hypotheses). Exception: you may not use a result which
is the same as the problem you are being asked to do. FEach problem has a noted
value, in total 40 points.
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1. (10 points) Let X be a topological space. Define the suspension S(X) to be
the space obtained from X x [0, 1] by contracting X x {0} to a point and contracting
X x {1} to another point. Describe the integer homology groups of S(X) in terms
of the homology groups of X.
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2. (10 points) Let X be the space obtained from identifying three distinct points
on the 2-sphere S?. Compute the integer homolog groups of X.



3. (10 points) Show that if f : RP?" — X is a covering map of a CW-complex
X, then f is a homeomorphism.
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4. (10 points) Let M be a closed, connected, orientable real n-dimensional
manifold and f : S™ — M a continuous map such that the induced morphism
fo : Hy(S™;Z) — H,(M;Z) is non-trivial. Calculate Hy(M;Q) for all k.
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Write your answers on the test pages. Show all work and explain all reasoning.
You may use results from the class or course notes. Please write legibly!! Oh,
and don’t forget to put your name on the exam.

You must do Problems 1,2,3. You must do either Problem 4 or Problem 5.
Please indicate clearly which of these last two you would like to be graded.



Problem 1. Prove that n-sphere
S ={(z1,...,Tnt1) e RH1 | $%+"'+xi+1 =1}

is a smooth manifold.



Problem 2. Suppose M is a smooth manifold.
e What is a tangent vector to M? What is a cotangent vector?
e What are the tangent and cotangent bundles TM and T*M?

e What is a Riemannian metric on M7

Explain how a Riemannian metric can be used to define a natural isomor-
phism between T'M and T* M.



Problem 3. Suppose G is an n-dimensional Lie group. Recall that a vector
field v on G is left-invariant if (Lg).(vy) = vy, for all g,z € G, where (Lg).
denotes the differential of the map

Ly:G—=G
given by left-multiplication by g.

e Show that the set of left-invariant vector fields forms an n-dimensional
vector space.

e Prove that the tangent bundle T'G is trivial.



Problem 4. Prove that there is a smooth vector field on S? which vanishes at
exactly one point. (Hint: consider using the stereographic projection.)



Problem 5. Let w be the (n — 1)-form on R™ ~ {0} given by

n
w=|lz||7"- Z(—l)iflxidxl Ao ANdxg A+ Ndxy,.
i=1

Show that w is closed but not exact on R™ \ {0}. (Hint: for the latter, what
happens if you integrate this form over S~ C R"?)



